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ABSTRACT. How do undergraduate students cope with abstract algebra concepts? How
should we go about researching this question? Based on interviews with undergraduate
students and on written questionnaires, a theoretical framework evolved which could co-
herently account for most of the data. According to this theoretical framework, students’
responses can be interpreted as a result of reducing the level of abstraction. In this paper,
the theme of reducing abstraction is examined, based on three interpretations forlevels
of abstractiondiscussed in mathematics education research literature. From these three
perspectives on abstraction, ways in which students reduce abstraction level are analyzed
and exemplified.

1. INTRODUCTION

The research described in this paper strives to account for mental processes
of undergraduate students as they solve problems in abstract algebra. As it
turns out, mathematics education research literature becomes increasingly
scarce when one moves from elementary school level, to high school level,
and on to college level (cf. Selden and Selden, 1993; Thompson, 1993;
Dreyfus, 1990, 1995). Even at college level, most of the research deals
with pre-calculus, calculus, linear algebra and discrete mathematics (see
Hazzan, 1995, for a comprehensive literature survey). Only recently has
serious research been directed towards learning and teaching of abstract
algebra. Papers comprising literature on abstract algebra learning can be
roughly divided into two groups:

a) Teaching methods of abstract algebra (Pedersen, 1972; Lesh, 1976;
Macdonald, 1976; Buchthal, 1977; Quadling, 1978; Lichtenberg,
1981; Simmonds, 1982; Freedman, 1983; Petricig, 1988; Thras and
Walls, 1991; Leron and Dubinsky, 1995).

b) Learning, understanding and concept development in abstract algebra
(Selden and Selden, 1987; Hart, 1994; Dubinsky, Dautermann, Leron
and Zazkis, 1994; Hazzan, 1994; Leron, Hazzan and Zazkis, 1994,
1995; Hazzan and Leron, 1996; Brown, DeVries, Dubinsky and
Thomas, 1997, Asiala, Dubinsky, Mathews, Morics and Oktaç, 1997;
Asiala, Brown, Kleiman and Mathews, 1998).
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The research described in this paper belongs to the second category. Re-
search findings presented in Section 3 describe ways in which students
deal with abstract algebra concepts by making these concepts mentally
accessible. More specifically, the ways in which students conceive abstract
algebra concepts are analyzed through the theme of reducing the level of
abstraction. As it turns out, in many cases, reducing the level of abstraction
is an effective strategy. However, sometimes it can be used inappropriately
and becomes misleading.

The importance of learning abstract algebra is widely acknowledged.
Gallian (1990) says that ‘abstract algebra is important in the education
of a mathematically trained person. The terminology and methodology of
algebra are used ever more widely in computer science, physics, chemistry,
and data communications, and of course, algebra still has a central role in
advanced mathematics itself.’ (p. xi). Instructors are aware of the import-
ance of learning abstract algebra. At the same time, many of them report
difficulties on the part of the students in understanding ideas they (the
instructors) try to communicate. Thus, educators try to find ways to help
students understand abstract algebra concepts and look for ways,relevant
for the students, to introduce these concepts. For example, in the intro-
duction to his bookAbstract Algebra,Herstein (1986) argues that since
‘[t]here is little purpose served in studying some abstract algebra object
without seeing some nontrivial consequences of the study, [we present
in the book] interesting, applicable, and significant results in each of the
systems we have chosen to discuss.’ (p. viii). In a similar spirit, Gallian
(1990) describes his approach for presenting abstract algebra ideas in a
book: ‘What I have attempted to do here is to capture the traditional spirit
of abstract algebra while giving it a concrete computational foundation and
including applications. I believe that students will best appreciate the ab-
stract theory when they have a firm grasp of just what is being abstracted.’
(p. xi). Gallian (ibid.) and Herstein (ibid.) refer to the learning of abstract
algebra in the traditional lecture hall. Nowadays, several initiatives use
programming languages (such as ISETL or Maple) to teach abstract al-
gebra. For example, Dubinsky and Leron (1994), who use ISETL, attempt
‘to help create an environment in which students construct, for themselves,
mathematical concepts appropriate to understanding and solving problems
in this area.’ (p. xvii).

Despite these attempts to improve the teaching of abstract algebra, usu-
ally it is the first undergraduate mathematical course in which students
‘must go beyond learning ‘imitative behavior patterns’ for mimicking the
solution of a large number of variations on a small number of themes
(problems).’ (Dubinsky et al., 1994, p. 268). Indeed, it is in the abstract
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algebra course that students are asked, for the first time, to deal with con-
cepts which are introduced abstractly. That is, concepts are defined and
presented by their properties and by an examination of ‘what facts can
be determined just from [the properties] alone.’ (Dubinsky and Leron,
1994, p. 42). The new mathematical style of presentation leads students
to adopt mental strategies which enable them to mentally cope with the
new approach as well as with the new kind of mathematical objects. A
plausible theoretical framework to explain students’ ways of thinking in
abstract algebra situations is the focus of this paper.

2. METHOD

As mentioned above, the research area of understanding abstract algebra
concepts by undergraduate students is relatively uncharted. ‘Now the grow-
ing body of research literature concerning the learning of collegiate math-
ematics contains a few studies focusing on abstract algebra.’ (Asiala et al.,
1998, p. 13). This trend is reflected mainly by Category (b) mentioned
above. A specific framework for cognitive research and curriculum de-
velopment of collegiate mathematics has guided several studies from this
category. This framework is developed and being used by RUMEC-1, a
subgroup of the larger Research in Undergraduate Mathematics Education
Community (RUMEC). A complete discussion of this research framework
is described in Asiala et al., 1996.

The research described in this paper examines students’ understanding
of abstract algebra from a different perspective. In this research, thedata
have guided the subsequent theoretical organization, in the spirit of ‘groun-
ded theory’ (Glaser and Strauss, 1967). Glaser and Strauss explain that
‘[g]enerating a theory from data means that most hypotheses and concepts
not only come from the data, but are systematically worked out in relation
to the data during the course of the research.’ (p. 6). This attitude, which
intertwines development of a theory with the research process itself, is
especially suitable in cases such as the one described in this paper in which
a new field is investigated.

In order to gain a wide and varied picture on which to base the theoret-
ical framework, the data were collected from a variety of sources. Some of
these sources were planned (interviews, written research questionnaires,
regular classroom tests, homework assignments), and others were incid-
ental (observations in abstract algebra classes and occasional talks with
students). Although not all of these sources are explicitly presented in the
present report, they did help determine the directions and shape the ideas
in the early stages of the study.
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Semi-structured interviews were the main research tool. The interview
questions appear in the Appendix. Nine undergraduate students attending
standard abstract algebra lectures, based on the ‘theorem-proof’ format,
were interviewed during their first course in abstract algebra.1 The students
were computer science majors in their freshmen year in a top-rank Israeli
university. Prior to the abstract algebra course, the students had taken a
linear algebra course, which had been taught in a rather abstract approach,
stressing proofs and abstract vector spaces. Additive and multiplicative
arithmetic groups, permutation groups, and groups of symmetries of a
regular polygon were introduced as examples in lectures prior to the in-
terviews. Each student took part in five weekly interviews, each interview
lasting 1 hour. Questions and student data were translated from the original
Hebrew for this paper.

The interviews focused on five fundamental abstract algebra subjects:
groups, subgroups, cosets, Lagrange’s theorem, and quotient groups. Ques-
tions presented in the interviews were relatively simple and mathematical
knowledge required to solve them was relatively basic. Yet, in order to
solve these questions students had to know the basic concepts, to examine
relationships among them, and to analyze their properties. For example,
question 24, ‘Does a group of even order always have a subgroup of order
2?’, was chosen for its potential to reveal students’ thinking on groups,
subgroups, and orders. At each stage during these five weeks, prior to the
interview, the students had been introduced in the lecture to the concepts
the interview focused on.

Here are some additional details about the other tools used for collect-
ing data:

• Written research questionnaires: On several occasions, a written ques-
tionnaire was distributed among the members of the whole class in
order to determine the prevalence of a certain phenomenon as it ap-
peared in the interviews.

• Regular classroom tests and homework assignments: These tests and
assignments reflected the expected requirements of the course and
were not specifically designed for the research. However, upon read-
ing the work of the students, it was observed that several phenomena
repeatedly appeared.

• Incidental discussions: Some students came to office hours to ask
questions. These questions often pointed to a student’s conceptual dif-
ficulties and led to a brief impromptu interview on these difficulties.
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3. ABSTRACTION AND WAYS IN WHICH STUDENTS REDUCE IT

This section describes the theoretical framework developed during the study,
which aims to explain students’ conceptions of abstract algebra concepts.
The title of this framework isreduction of the level of abstraction(in
short, reducing abstraction). From this perspective, most responses and
conceptions on the part of students can be attributed to their tendency to
work on a lower level of abstraction than the one in which concepts are
introduced in class. The term ‘reducing abstraction’ shouldnot be con-
ceived as a mental process which necessarily results in misconceptions
or mathematical errors. The mental process of reducing abstraction level
indicates that students find ways to cope with new concepts they learn.
They make these concepts mentally accessible, so that they would be able
to think with them and handle them cognitively.

Abstraction is a complex concept which has many faces in general, and
in especially in the context of mathematics and mathematics education. It
has been dealt with by many psychologists and educators (e.g., Beth and
Piaget, 1966). In the mathematics education research community it has
been discussed from several perspectives (cf. Tall, 1991; Noss and Hoyles,
1996; Frorer, Hazzan and Manes, 1997). There is no consensus in regard
to a unique meaning for abstraction. However, there is an agreement that
the notion of abstraction can be examined from various perspectives, that
certain types of concepts are more abstract than others, and that the ability
‘to abstract’ is an important skill for carrying out meaningful mathematics.
Noss and Hoyles (1996) say: ‘There is more than one kind of abstraction.’
(p. 49). Consequently, as will be discussed, there is more than one way to
reduce the level of abstraction.

The theme of reducing abstraction, presented in this paper, is based
on three interpretations forlevels of abstractiondiscussed in literature.
That is, abstraction level as the quality of the relationships between the
object of thought and the thinking person, abstraction level as reflection
of the process-object duality, and abstraction level as the degree of com-
plexity of the concept of thought. Relevant references for each interpret-
ation appear later in the paper. It is important to note that these inter-
pretations of abstraction are neither independent nor do they exhaust all
possible interpretations for abstraction. As mentioned above, abstraction
is a complex concept and it is not the purpose of the paper to review all its
interpretations.2 However, connections between the above three interpret-
ations for abstraction are examined.

In the following, the three interpretations for abstraction are discussed.
Analyses of the ways in which students think are examined in each case
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through the theme of reducing abstraction. In all cases, the reduction of
abstraction level is a way of describing the phenomenon that in problem-
solving situations students (and in fact all problem solvers) give the con-
cepts involved some meaning. As it turns out, the meaning students give
to some of the concepts can sometimes be interpreted as being on a lower
level of abstraction than that in which concepts are introduced in class.

3.1. Abstraction level as the quality of the relationships between the
object of thought and the thinking person

This interpretation for abstraction stems from Wilensky’s (1991) asser-
tion that whether something is abstract or concrete (or anything on the
continuum between those two poles), is not an inherent property of the
thing, ‘but rather aproperty of a person’s relationship to an object.’ (p.
198). In other words, for each concept and for each person we may ob-
serve a different level of abstraction which reflects previous experiential
connection between the two. The closer a person is to an object and the
more connections he/she has formed to it, the more concrete (and the less
abstract) he/she feels to it. Based on this perspective, some of students’
mental processes can be attributed to their tendency to make an unfamiliar
idea more familiar or, in other words, to make the abstract more concrete.
This idea is described by Papert’s metaphor of looking for familiar faces
in an unfamiliar crowd:

For me, getting to know a domain of knowledge [. . .] is much like coming into a new
community of people. Sometimes one is initially overwhelmed by a bewildering array of
undifferentiated faces. Only gradually do the individuals begin to stand out (Papert, 1980,
p. 137).

The idea of making the unfamiliar familiar in abstract algebra context is il-
lustrated in this paper by students’ tendency to base arguments, which refer
to general groups, on numbers and number operations – familiar mathem-
atical objects, with which they have had previous mathematical experience
since elementary school. Selden and Selden (1987), suggest that ‘[e]ven
[the] limited collection of examples [presented at abstract algebra courses
at the junior level] is rich enough for students to see that not everything
behaves the way the more naive students expect. What they expect is really
a misconception, namely, that the rules they know for dealing with real
numbers are universal.’ (p. 462).

Students’ tendency to rely on systems of numbers, when asked to solve
problems about other groups, can be explained by one of the basic ideas
of constructivism. That is, that new knowledge is constructed based on
existing knowledge. Thus, unknown (hence abstract) objects and structures
are constructed based on existing mental structures. More specifically, if a
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given problem requires the manipulation of mental objects (like groups)
the students haven’t yet constructed, they would tend to think with famil-
iar objects (like numbers), and to solve the problem using these familiar
entities instead.

The following two examples illustrate how students reduce abstraction
level by basing their arguments on mathematical entities they are familiar
with – numbers and number operations.

Example 1:
Groups of numbers (such asZ in relation to addition orR-{0} in relation
to number multiplication) are only some of the examples students come
across in standard abstract algebra courses. Since each of these groups
possesses many additional mathematical properties such as commutativity
and ordering, none is a typical example of a general group. Generic ex-
amples of groups, which students come across in abstract algebra courses,
are permutation groups and groups of symmetries of regular polygons.
From the data analysis it turns out that students often treat groups as if
they were made only of numbers and of operations defined on numbers.

In the following excerpt, Tamar tries to determine whether Z3 (i.e., the
set {0, 1, 2} with addition mod 3) is a group. She takes for granted that
‘the inverse’ of 2 is1/2 (as with rational numbers in relation to number
multiplication), and tries to locate it in Z3. Since she does not find1/2 in
Z3 she concludes that Z3 is not a group:

[Z3] is not a group. Again I will not have the inverse. I will not have one half. I mean, 1
over. . . I mean, if I define this [Z3] with multiplication, I will not have the inverse for each
element. [. . .] It will not be in the set. [. . .] I’m trying to follow the definition. [. . .] What I
mean is that I know that I have the identity, 1. What I have to check is if I have the inverse
of each. . . I mean, I have to see whether I have the inverse of 2 and I know that the inverse
of 2 is 1/2. [. . .] Now, one half, and on top of that do mod 3 [. . .], then it is not included. I
mean, I don’t have the inverse of. . . My inverse is not included in the set. Then it’s not a
group. I do not have the inverse for each element.

In this excerpt Tamar automatically considers the group operation as num-
ber multiplication and thus changes the operation from a less familiar one
(addition mod 3) to a more familiar one. This may be a result of the use
of the term ‘multiplication’ for a general binary operation in the group
definition, together with the need, mentioned above, to mentally hang on
to some familiar entity. However, it is worthwhile to notice that Tamar uses
the abstract theoretic-terms (identity, inverse) correctly, and since a single
axiom failure denies a group, her explanation (had to be taken into account
in respect to the group operation she considered) makes sense.
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Example 2:
In many cases, the use of surface clues may help greatly in problem solv-
ing. But, the conclusions thus reached must be carefully checked. If this is
not done, the tendency to use surface clues may be quite misleading, as in
the following misuse of Lagrange’s theorem.

In a written questionnaire (but not in the interviews), 113 abstract al-
gebra students were presented with the following question:

In an exam a student wrote: ‘Z3 is a subgroup of Z6’.
In your opinion, is this statement true, partially true, or false? Please explain your answer.

Incorrect answers (‘the statement is true’) were given by 73 students, 20 of
whom invoked Lagrange’s theorem, in essentially the following manner:

According to Lagrange’s theorem Z3 is a subgroup of Z6 because 3 divides 6.3

By giving this answer, students not only confuse Lagrange’s theorem with
its converse (If k | o(G), then there exists in G a subgroup of order k
– which is not a true statement), but actually use anincorrect version
of the converse statement (If o(H) | o(G) then H is a subgroup of G).
Thus, a combination of several logic-based confusions, students have with
mathematical deductions, appear to exist here. A detailed analysis of this
phenomenon is given in Hazzan and Leron (1996).

However, in the context of this paper, I suggest that the popularity
of Lagrange’s theorem in this context is derived from its strong link to
mathematical entities students are familiar with, i.e., numbers and number
divisibility. At the stage the problem was presented to the students, many of
them felt mentally disconnected from the notions appearing in the question
(the groups Z3 and Z6, and the concept of subgroup). At the same time,
the numbers3 and 6, were familiar and meaningful to the students and,
moreover, students could easily find a relationship between the two, which
led to a sensible solution to the problem. In short, students were guided
by the appearance of the numbers 3 and 6 and the fact that 3 divides 6,
ignoring the other details in the problem. From the point of view of the
interpretation of abstraction discussed in this section, it seems that students
hang onto familiar mathematical entities, ignoring the meaning of the situ-
ation described in the problem. It helps them work and think with more
familiar concepts or, in other words, make the abstract more concrete; that
is, reducing the level of abstraction.

There seems to be a similarity with findings about elementary school
pupils solving ‘story problems’ (Nesher and Teubal, 1975; Nesher, 1980;
Schoenfeld, 1985). Elementary school pupils often look for two numbers
and for a word that will clue them as to whether the operation involved is
addition or subtraction. Then they go on giving the solution by performing
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the operation on these numbers, without even looking at the rest of the
story.

3.2. Abstraction level as reflection of the process-object duality

In this section the idea of reducing abstraction is reviewed based on the
process-object duality, suggested by some theories of concept development
in mathematics education (Beth and Piaget, 1966; Dubinsky, 1991; Sfard,
1991, 1992; Thompson, 1985). Some of these theories, such as the APOS
(action, process, object and scheme) theory, suggest a more elaborated
hierarchy (cf. Dubinsky, 1991). However, for the discussion in this paper
it is sufficient to focus on the process-object duality.

Theories that discuss this duality distinguish betweenprocess concep-
tion andobject conceptionof mathematical notions. Dubinsky (1991) cap-
tures the passage from the first conception to the second one as a ‘con-
version of a (dynamic) process into a (static) object’.Processconception
implies that one regards a mathematical concept ‘as a potential rather than
an actual entity, which comes into existence upon request in a sequence of
actions.’ (Sfard, 1991, p. 4). When one conceives of a mathematical notion
as anobject, this notion is captured as one ‘solid’ entity. Thus, it is possible
to examine it from various points of view, to analyze its relationships to
other mathematical notions and to apply operations on it. According to
these theories, when a mathematical concept is learned, its conception as
a process precedes – and is less abstract than – its conception as an object
(Sfard, 1991, p. 10). Thus, process conception of a mathematical concept
can be interpreted as on a lower level of abstraction that its conception as
an object; that is, abstraction level is reduced.

The mental process that leads from process conception to object con-
ception is one mechanism Piaget namedreflective abstraction.Dubinsky’s
work (1991) tells us about the importance of this mechanism for mathem-
atical thinking: ‘Piaget considered that it is reflective abstraction in its most
advanced form that leads to the kind of mathematical thinking by which
form or process is separated from content and that processes themselves
are converted, in the mind of the mathematician, to objects of content.’ (p.
98).

This perspective of levels of abstraction is related to (and may even
arise from) the previous interpretation for abstraction described in Section
3.1 – abstraction level as the quality of the relationships between the object
of thought and the thinking person. The more one works with anunfamil-
iar concept initially being conceived as aprocess, the morefamiliar one
becomes with it and may proceed toward its conception as anobject.
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Several studies analyze the understanding of abstract algebra concepts
from the more elaborated perspective, that is, the APOS theory. For ex-
ample, Brown et al. (1997) analyze the understanding of the notions binary
operations, groups and subgroups; Asiala et al. (1997) present an analysis
of students’ understanding of cosets, normality and quotient groups; Asi-
ala et al. (1998) focus on the development of students’ understanding of
permutations and symmetries.

My contribution to the discussion is with two additional aspects of
process conception: (a) students’ personalization of formal expressions
and logical arguments by using first-person language, and (b) students’
tendency to work with canonical procedures in problem solving situations.
In the following examples, I explain how these aspects reflect process con-
ception, and how they can be interpreted as mental processes of reducing
abstraction.

Example 3:
This example illustrates how students personalize formal expressions and
logical arguments by using first-person language. It further suggests that
this way of speaking reflects process conception.

The use of first person language is especially pronounced in quantified
expressions, where students often replace ‘there exists’ with ‘I can find’.
This may be explained by difficulties students experience with quantifiers
(Dubinsky, Elterman and Gong, 1988; Harnik, 1986; Leron, Hazzan and
Zazkis, 1994; Dubinsky, 1997), and may also be related to the fact that
quantifiers rarely exist in high school mathematics (pun intended). Here,
Dan, for example, explains how he checks the existence of inverses in
question 3 (see Appendix):

Dan: I want to check ifI can findfor each. . . If for each element in the setI can findone
element in the set [. . .] I want to findan inverse so that ifI multiply, I will gete. (emphasis
added).

The use of first-person language reflects a feeling of ‘me doing something’
and thus may be interpreted as process conception of the concepts the
students think with. In the spirit of reducing abstraction, it is suggested that
the students apply mental strategy that makes the unfamiliar mathematical
language more familiar for them. Indeed, 3,500 years of the development
of mathematics are intertwined with first-person language and recipes (cf.
Kleiner, 1991). Thus, if students were asked in a one-semester course to
conceive concepts that have been organized into a coherent theory over
long periods of time, they (the students) have to find ways to cope with the
unfamiliar terminology they face.
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Here is one more example: Commutativity is a property of a set and
of an operation defined on the set elements. When one presents a state-
ment such as: ‘Operation⊗ is commutative for all subsets of a setA’, we
may say that commutativity is conceived as an object. In the following
excerpt, in contrast, Adam defines (non)commutativity by describinghis
ownactions:

Adam: Commutativity – that means, that ifI . . .[. . .] when I replace the place of the
elements in the product thenI get a different result. WhenI change the order in the
multiplication I get a different result, so they will not be commutative. (emphasis added).

The use of first person language often goes together with very detailed and
specific descriptions. In the following excerpt for example, Tanya exam-
ines the definition of quotient groupG/H = { Hx | x in G} in her notebook
and explains it:

Tanya: I take all the elements [ofH] and multiply them on the right with some element
from G. I choose an element fromG and I multiply all the elements ofH on the right. [. . .]
I mean, I should do it for all. . . I do not do it together. [. . .] Each one by itself.[. . .] So, I
have to choosea andx. (emphasis added).

Tanya’s description reflects process conception of a quotient group: she
describes howshe buildsthe cosetsone by one, and how each coset is
constructed by a sequence of products. Such a description enables her to
know exactly where she is in the process of the construction, which coset
she has already built and which ones are still ahead. By following this path
students do not have to capture the whole situation at a glance as a single
entity – hence they are not obliged to adopt an object conception. From
the process-object duality point of view, this interpretation suggests that
the level of abstraction is reduced.

Example 4:
This example illustrates students’ tendency to work with canonical pro-
cedures in problem solving situations. This tendency can be explained by
the fact that some of the concepts, and the relationships among them, are
conceived as processes.

The termcanonical procedurerefers to a procedure that is more or
less automatically triggered by a given problem. This can happen either
because the procedure is naturally suggested by the nature of the problem,
or because prior training has firmly linked a specific kind of problem with
a specific procedure. The availability of a canonical procedure enables stu-
dents to solve problems without analyzing properties of mathematical con-
cepts, and to automatically follow the step-by-step algorithm the canonical
procedure provides. In the following quote, for example, Guy presents a



82 ORIT HAZZAN

clear analysis of the structure of the cosets in a group, but then ‘forgets’
to use that knowledge; in the solution of another problem, he chooses the
alternative of a messy coset calculation. Here is his description:

Guy: OK, it is known that equivalent classes divide the set into disjoint sets, the whole set.
And now, if a coset is like an equivalent class then the cosets divide the. . . divide the group
into disjoint sets. We know that in each coset the number of elements is equal.

In spite of this clear description, when asked to calculate the cosets of the
subgroup {1, 2, 4} in Z7-{ 0 } with multiplication mod 7, Guy first calcu-
lated all six cosets (one for each element of the group). It was only when
he noticed that there were just two different cosets, that he began to look
for the reason. Based on his clear description of the cosets as equivalent
classes with the same number of elements, it is reasonable to assume that
had he stopped for just a minute before jumping into a calculation mode, in
order to try to examine the objects in the question, he would have known
right away that there were only two different cosets.4 However, Guy did
not use his theoretical knowledge as a tool; instead, his first tendency was
to start calculating the cosets by using a well-known procedure for this
kind of task. This immediate response was done unconsciously: Guy did
not consider the two alternatives (a use of the fact that cosets are equivalent
classes vs. a use of a canonical procedure), choosing to use the canonical
procedure. It is more plausible to assume that Guyunconsciouslyfollowed
the path that the canonical procedure outlined him.

This example suggests that even in cases where students have a relat-
ively advanced conception of mathematical notions, sometimes they tend
to use a (less abstract) canonical procedure at the cost of many calculations.
Indeed, it is much easier to make sense of a canonical procedure than of an
abstract argument, which usually captures in one sentence several concepts
together with relationships among them. Here, we can see that still, there
is a gap between object conception of separated concepts and the ability to
mentally link them all together into one schema conceived as an object.

3.3. Abstraction level as the degree of complexity of the concept of
thought

This section examines abstraction by the degree of complexity of mathem-
atical concepts. For example, a set of groups is a more compound object
than one specific group in that set. Thus, the set of additive groups of prime
order is a more compound mathematical entity than the group [Z5, +5]. It
does not imply automatically, of course, that it should be more difficult to
think in terms of compound objects. The working assumption here is that
the more compound an entity is, the more abstract it is. In this respect, this
section focuses on how students reduce abstraction level by replacing a set
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with one of its elements, thus, working with a less compound object. As it
turns out, this is a handy tool when one is required to deal with compound
objects that haven’t yet been fully constructed in one’s mind.

There is a connection between the interpretation for abstraction sug-
gested in Section 3.2 (that is, abstraction as reflection of the process-object
duality) and the one suggested here. This connection ties thesetconcept
together with object conception and process conception: When the set
concept is conceived as anobject, a person becomes capable of thinking
about it as a whole ‘without feeling an urge to go into details.’ (Sfard,
1991, p. 19); when conceived as a process, one conceives the set concept
as a process in which its elements are grouped. Thus, when one deals with
the elements of a set instead of with the set itself we may interpret this as
processconception of the set concept.

The following example illustrates the tendency to deal with an element
in a set instead of with the whole set. More specifically, it describes how
students deal with a specific group when asked to deal with a set of groups
containing it.

Example 5:
This example describes a student who faced a problem concerning a set
of groups, and turned to consider only one group from the whole set (cf.
also Rumelhart, 1989, p. 301: reasoning by example). In other words, he
replaced a set with one of its elements. Considering a specific case may
be a positive and helpful heuristic, as recommended by Polya (1973):
‘Specialization is passing from the consideration of a given set of objects
to that of a smaller set, or of just one object, contained in the given set.
Specialization is often useful in the solution of problems.’ (p. 190). The
role of such specialization is to guide towards a general solution. However,
there are cases in which students do use this heuristic, presenting an answer
based on an analysis of a specific case, and donot return to the general
case. Sometimes they do not go back to the general case simply because
they are unable to do that – the mental structures needed to deal with the
general case have not yet been constructed.

Question 24 in the interview asks: ‘Does a group of even order always
have a subgroup of order 2?’. In the following excerpt Ron describes how
he ‘just misses the point’ and thus turns to work with a specific group. Ap-
parently, he encounters difficulties in thinking about the family of groups
of even order or difficulties in thinking about a generic group of even order.

Ron: A group of even order. . . does it always have a subgroup of order 2? [. . .] [pause]
Why yes or why no? I just feel that I miss the point. [. . .] A group of even order can also be
a group. . . let’s say of order 6 for example. A group of even order? [. . .] Yes. If the order
is 6 so it can have subgroups [of order] either 2 or 3, of order 2 or order 3.



84 ORIT HAZZAN

4. SUMMARY

This paper presents various mental processes by which students reduce
abstraction level in abstract algebra problem-solving situations. As it turns
out, in many cases, the mental mechanism of reducing abstraction helps
students to cope successfully with problems presented to them. This theor-
etical framework corresponds with constructivist theories (cf. Kilpatrick,
1987; Sinclair, 1987; Davis, Maher and Nodding, 1990; Confrey, 1990;
Smith, diSessa and Roschelle, 1993) and with the Piagetian terminology
of assimilation and accommodation (Piaget, 1977). Given the abstraction
level in which abstract algebra concepts are usually presented to students in
lectures, and the lack of time for activities which may help students grasp
these concepts, many of the students fail in constructing mental objects for
the new ideas and in assimilating them with their existing knowledge. The
mental mechanism of reducing the level of abstraction enables students to
base their understanding on their current knowledge, and to proceed to-
wards mental construction of mathematical concepts conceived on higher
level of abstraction.
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APPENDIX: THE INTERVIEW

Remarks:

a) The following questions served only as a guide to the interviewer and
were presented to the students orally.

b) The questions are grouped here in five parts according to their focus.
However, the topics were not told to the students and the passage from
one topic to the following one was done without any declaration about
the current topic under the discussion.

Part 1: The concept of group (questions 1–6)

1. What is a group?
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2. Can you give an example of a commutative group and of a non-
commutative group?

3. Does the set {a, b, c} form a group relative to the following operation
table?
∗ a b c

a c a b

b a b c

c b c a

4. a) Is the identity element in a group unique?
b) What does it mean that the identity element is unique?
c) Prove that the identity element in a group is unique.

5. Does a group with only one element exist?
6. Let’s construct an operation table of four elementsa, b, c, d. Please

fill it in such a way that it will form an operation table of a group of
order 4.

Part 2: The concept of subgroup (questions 7–17)

7. What is a subgroup?
8. Can you give an example of a groupG and a subgroup ofG?
9. Consider the groups (Z3, +3), (Z6, +6). Is Z3 a subgroup ofZ6?
10. Can you give an example of a subgroup ofZ6?
11. How do you check that nonempty subset of a group is a subgroup?
12. Please prove that the example of subgroup you gave in question 8, is

indeed a subgroup.
13. Consider a groupG and define the following subset ofG:

C = { a in G | ∨/ x in G, ax = xa}. Can you describeC’s elements?
14. The setC defined in question #13 is called thecenterof the groupG.

How would you check if a group element is (or is not) in the center
of the group?

15. How will you check whether 3 is in the center of the group [Z, +]?
16. What is the center of a commutative group?
17. Prove that the center of a groupG is a subgroup ofG.

Part 3: The concept of coset (questions 18–21)

18. What is a coset?
19. What is the number of elements in every coset?
20. Consider the group [Z7-{ 0}, ∗7] and its subgroup [{1, 2, 4}, ∗7].

What are the cosets of the subgroup in the group?
21. What are the cosets of2Z in Z?
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Part 4: Lagrange’s theorem (questions 22–26)

22. Does [Z6, +6] have a subgroup of order 4?
23. Does a group of order 12 always have a subgroup of order 6?
24. Does a group of even order always have a subgroup of order 2?
25. Can a group of order 7 have an element of order 4?
26. a) How many non trivial subgroups does a group of prime order have?

b) Can you prove your last claim?

Part 5: The concept of quotient group (questions 27–30)

27. a) What is a quotient group?
b) When does a quotient group exist?
c) Can you state a property of a group that guarantees that all its

subgroups are normal?
28. Is the following statement true or false?

If G is a group andH is a commutative subgroup ofG, thenH is a
normal subgroup ofG.

29. LetG be [Z6, +6] andH its subgroup [{0, 3 }, +6].

a) IsH a normal subgroup ofG?
b) What are the elements of the quotient groupG/H?
c) What is the operation defined on the quotient group? (How do we

multiply two elements in the quotient group?)
d) Can you construct the operation table ofG/H?
e) Does this group remind you of another group?

30. What is the identity element in a quotient group?

NOTES

1. As mentioned before, in the last several years there has been a trend (especially in
the USA) to teach abstract algebra with the programming language ISETL (Dubin-
sky and Leron, 1994; Leron and Dubinsky, 1995). Understanding of abstract algebra
concepts by students who learned through this method are described in the following
papers: Brown et al., 1997, Asiala et al., 1997; Asiala et al., 1998. I also experienced
the teaching of abstract algebra through this method (together with Prof. Uri Leron)
during 1993–1994. However, my intention in the study presented in this paper was
to construct a theoretical framework to describe the understanding of abstract algebra
concepts by students who attend standard lectures.

2. For example, there is the association of ‘general’ with ‘abstract’. However, I agree
with Staub and Stern (1997) who suggest that ‘[t]he degree of generality with respect
to the range of (potential) real world references is one aspect of the abstract nature
of quantitative schemata; but, [. . .] generality is not the core aspect that makes math-
ematical constructs especially abstract’ (p. 65). Similarly, Leron (1987) says that ‘[i]n
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mathematics, abstraction is closely related to generalization, but each can also occur
without the other’.

3. Lagrange’s theorem states that in a finite group the order of a subgroup divides the
order of the group. (Theorder of a group is the number – finite or infinite – of its
elements.) A sophisticated answer might claim that Z3 is a subgroup of Z6 because it
is isomorphic to a subgroup of Z6 (i.e., {0, 2, 4} with addition mod 6).

4. Actually, since there are only two distinct cosets, there is no need to doanycalculations
whatever: one coset must be the subgroup {1, 2, 4} itself, and the other one must be
its complement {3, 5, 6}.
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